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Abstract. We show that Fourier transforms on the Weyl algebras have a 
geometric counterpart in the framework of toric varieties, namely they induce 
isomorphisms between twisted rings of differential operators on regular toric 
varieties, whose fans are related to each other by reflections of one-dimensional 
cones. The simplest class of examples is provided by the toric varieties related 
by such reflections to projective spaces. It includes the blow-up at a point in 
afflne space and resolution of singularities of varieties appearing in the study 
of the minimal orbit of sln+i- 



1. Introduction 

Let p: A" A" = C" (n > 2) be the blow-up at the origin of the n-dimensional 
afSne space over the complex numbers (or an algebraically closed field of char- 
acteristic 0) and let E = p^^(O) be the exceptional divisor. Consider the ring 
T^O{mE){^^) of global regular differential operators twisted by (i.e., acting on sec- 
tions of) 0{mE), the line bundle associated with the divisor mE, m € Z. Our 
first observation is that this ring is isomorphic to the ring X'c'(m-n)(IP") of differ- 
ential operators on the n-dimensional projective space twisted by the line bundle 
0{m — n). To describe the isomorphism we realise both rings as subrings of the 
ring 

I?(A") =C[zi,...,z„;9i,...,9„] 

of differential operators in n variables with polynomial coefficients. Namely any 
section amE with divisor mE can be used to trivialize the bundle over the com- 
plement A" \ ~ A" \ {0} of E and thus we have an injective restriction map 
T^O{mE){-^^) ^ 2?(A" \ {0}). Since {0} is of codimension at least 2 in A" (recall 
that n > 2), we have an isomorphism P(A" \ {0}) ~ 2?(A"). Thus we get a ring 
monomorphism 

»m: Po(™£)(A^) -^P(A"). 

Similarly, the bundle 0{£) is associated with, say, a multiple of the hyperplane in 
P" defined by the vanishing of some homogeneous coordinate, whose complement 
is A". So again we have an injective restriction map 

j,:2?ow(P")--2?(A"). 

Let finally F: 2?(A") — > I?(A"), the Fourier transform, be the ring automorphism 
such that F{zi) — di,F{di) = —zi. 

Theorem 1.1. Let m £ Z and n > 2. Then the Fourier transform restricts to a 
ring isomorphism 

Vo (m — n) 
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Namely, we have F o j„i-n = im o fpm- 

Recall that P" = SLn+i/P is a homogeneous space with parabolic isotropy 
subgroup P and that 0{l) is the line bundle associated with a character of P. 
Thus the results of Borho and Brylinski [3, Theorem 3.8 and Remark 3.9] apply: 
there is a surjective algebra homomorphism 

C/(s[„+i)^Poto(P"), 

given by the infinitesimal action of the group SLn+i and the kernel is the annihilator 
of a generalized Verma module. 

Corollary 1.2. There is a surjective algebra homomorphism 

f/(s[„+i)^Po(mB)(A^) 

with kernel Jm-n- 

The C-algebra 2?c)(£-)(P"), viewed as a subalgcbra of 2?(A"), is generated by 1 
and the first order operators 5j, Zidj + 5ij{e — £),Zi{e — £) given by the action of the 
fundamental vector fields. Here e = J2i ^i^i denotes the Euler vector field. 

Corollary 1.3. The C-algebra T^o{mE){^^)j viewed as a subalgebra ofV{A"), is 
generated by 1 and the second order operators Zi, Zidj, di{e + m), i,j = l,...,n. 

The algebra of diiferential operators twisted by a line bundle acts on the space 
of global section of the line bundle. By Corollary 1.2 the space of global sections 
r(A", 0(m£^)) is a module over J7(s[„+i). Let sl„+i = n_ ® f) © n+ be the Car- 
tan decomposition into lower triangular, traceless diagonal and upper triangular 
matrices. Denote by M(A) the Verma module with highest weight A G t)* and 
by L(A) the irreducible quotient of M(A), see [7]. The fundamental weights are 
Wii X 1-^ xi -\ \-Xi, X = diag(a;i, . . . ,x„+i) G t). 

Theorem 1.4. The U{sin+i) -module r{A", 0{mE)) is isomorphic to i(— (m + 
l)wn) if m>Q and to L{{m — l)wn — mzun-i) ifm<0. 

We deduce Theorem 1.1 from a more general theorem (Theorem 3.2) on toric 
varieties, stating that suitably twisted algebras of differential operators on nonsin- 
gular toric varieties whose fans are related by reflections of one- dimensional cones, 
see Fig. 1 and Section 3, are isomorphic via a Fourier transform. The proof of this 
theorem uses Musson's description [9] of the algebra of differential operators on 
a toric variety and partial Fourier transforms on Weyl algebras as in the work of 
Musson and Rueda [11]. 

In this way we obtain several families of toric varieties with line bundles whose 
twisted algebras of differential operators are isomorphic. Even in the simplest 
case of projective spaces, that we treat in detail in Section 4. the situation is 
rather rich. Additionally to the projective n-space and the blow-up at the origin of 
the affine n-space there are many other varieties related by such reflection. They 
include resolutions of singularities of the varieties considered by Lcvassciir, Smith 
and Stafford [8] in the case of sl„+i and Musson [10]. Our results extends and 
unify their results. For these varieties we also compute the action of sln+i on the 
cohomology with coefficients in any line bundle and find that cohomology groups 
form irreducible modules. They are described in Theorem 4.2 and Theorem 4.8. 
Theorem 1.4 is a special case of this more general result. 
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Let us note that the problem of studying isomorphisms of algebras of differential 
operators is also actively studied in different contexts, mostly for singular affine 
varieties, see [2] for a recent review. 

Acknowledgements. We thank Y. Berest for discussions and explanations and 
I. Musson for pointing out that [11] already contains part of our results. This work 
has been partially supported by the European Union through the FP6 Marie Curie 
RTN ENIGMA (Contract number MRTN-CT-2004-5652), by the Swiss National 
Science Foundation (grant 200020-105450) and the MISGAM programme of the 
European Science Foundation. 

2. Differential operators on toric varieties and Fourier transform 

2.1. Line bundles on toric varieties. Wc refer to the book [5] for an introduction 
to toric varieties and line bundles on them, and use mostly the same notations. Let 
A'' ~ Z" be a lattice of rank n and M = Hom(A'', Z) the dual lattice. Recall 
that a fan in A'' is a finite collection of strongly convex rational polyhedral cones 
a C A^R = N (g)z R such that each face of a cone in A is a cone in A and the 
intersection of cones in A is a face of each. To each fan A there corresponds 
a toric variety X = A' (A), a normal algebraic variety with an action of the torus 
Tjv = A^ XzC^ ~ (C^ )" with a dense orbit Uq. The functions on Uq are spanned by 
Laurent monomials Xn with exponent n G M. To each cr G A there corresponds an 
invariant affine open set Ua- and an orbit closure V{a) of codimension equal to the 
dimension of a. The orbit closures Di,. . . ,Dci associated with the one-dimensional 
cones are T/v-invariant Weil divisors and there is an exact sequence of groups ([5], 
Proposition on page 63) 

where An-i{X) is the group of Weil divisors modulo divisors of rational func- 
tions. Let fci , . . . , fed be the nonzero lattice vectors closest to the origin on the 
onc-dinicnsional cones. The left map sends fi £ M to '^{fi, ki)Di, which is the 
divisor of the function X/t- The sequence is also exact on the left if the vectors in 
A span Ar. 

We will make the following simplifying assumptions about A. 

Definition 2.1. A fan A is regular ii 

(i) Each cone in A is generated by part of a basis of A'. 

(ii) The one-dimensional cones in A are generated by vectors ki, . . . ,kd span- 
ning the lattice A^ over Z. 

Assumption (i) means that we c;onsider non-singular toric varieties so that the 
map Pic(X) —>■ A„_i(A') sending a line bundle to the class of the divisor of a non- 
zero rational section is an isomorphism. Assumption (ii) implies in particular that 
ki span N and thus there is an exact sequence of (free Abelian) groups 

d 

(1) O^M^^ZA^^n-i(^)^0, A„_i(X)~Pic(X). 

i=l 

Under these assumptions, each cone of A is generated by a subset of the lattice 
vectors ki, . . . , k^, called the generating vectors of the fan. 

Example 2.2. Let ei, . . . , e„ be a basis of A^ and let e = ei -|- • • • -|- e„. Then the 
fan in N whose cones are generated by all proper subsets of {ei, ...,£«, — e} gives 
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Figure 1 . The generating vectors of the fans of (left) and (right) 

the toric variety P" and the fan whose cones are generated by all proper subsets 
of {ei, . . . , e„, e} except {ei, . . . , e„} gives the toric variety A". In Fig. 1 the case 
n = 2 is depicted. 

2.2. Musson's construction. Musson [9] gave a description of the ring of twisted 

differential operators on an arbitrary toric variety in terms of generators and rela- 
tions. We recall here his construction in the special case of varieties with regular 
fan, for which some simplifications occur. Let us above ki, . . . ,kd G N he the gen- 
crating vectors of a regular fan A. Let p: 'E'^ N he the group homomorphism 
sending the i-th standard basis vector Ci to fcj, i = 1,. . . ,d. For each cr e A let 
(T e M'' be the cone spanned by the vectors such that ki G a. The cones a form a 
fan in R'^ and define a toric variety Y with the action of (C^)''. We have an exact 
sequence 

(2) K Z"^ ^ N 0, 

The torus (C^)'' acting on Y has thus a subgroup G = Tk and it is proved in 
[9] (and also elsewhere, see [1], [4] and references therein) that X = Yj jG is the 

algcbro-gcomctric quotient of Y by G. The variety Y is the union of G-invariant 
open sets in C™ associated with the cones (7, cr G A; 

K = {Q e I ^ 0, whenever k, (j, cr}. 

Thus Y is the complement in A'' of the union of subspaces of codimension > 2. 
Moreover, for each character x e Hom(G, C^) there corresponds a sheaf C-^ on X: 
the space of sections over = V„/G is the Ox{U„) = Or (Kr) "^-module 

(3) jC^{U^) = {/ e Oy{V,) I f{gx) = x{9)m,g e G}. 

Under our assumptions, is the sheaf of sections of a line bundle and each line 
bundle can be obtained this way. To see this notice that the exact sequence (2) is 
dual to the exact sequence (1) so 

Hom(G,C^) ~ Hom(iV',Z) ~ A„_i(X). 

Explicitly, the character xiz) = = z^"- ■ ■ ■ , z e Tk C (C^)'^ corresponds to 

the class in An-i{X) of the divisor 'Y^ciiDi. The fimdamental vector fields of the 
infinitesimal action of G on y form a Lie algebra K (g)z C and x defines a Lie 
algebra homomorphism x*, from g to C. The group G acts on Oy and on ©(F). 
For each cr S A, the restriction of a G-invariant differential operator on Y to Va 
maps L^{Uct) to itself, compatibly with inclusions of open sets. Thus there is a 
ma^V{Yf ^Vc^{X). 
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Theorem 2.3. (Musson, [9, Theorem b\) The natural map 'D{Y)^ T^c^W is 
surjective with kernel generated by {x — x*{x)l \ x € g} . 

Using this theorem, Musson gives a description of V^^ {X) in terms of generators 
and relations. Let us describe it under our assumptions. The complement of Y in 
A** has codimension at least 2 so 

The Weyl algebra I? (A'') is generated by coordinate functions Qi and vector fields 
Pi = d/dQi. A basis is formed by monomials Q^Pf" = •••P^^ \,n e 
and g E G C (C^)'^ acts on these monomials by multiplying them by g^~^. Thus 
'Dc^{X) is isomorphic to the quotient of the subalgebra of V{A'^) generated by 
Q^P^, A — ^ G K-^ by the ideal generated by J2i fniQiPi — X*("i)l) m £ K. For 
the line bundle 0{D) associated with the Tjv-invariant divisor D = '^■UiDi, we 
have x*("^) = Si Q^i™*- 

Example 2.4. Let X = P" with fan as in Example 2.2. Then B = Z"+i and 
p{ei) = ei, i < n, p(e„+i) = — e. The kernel K is spanned by Y = 

£n+i ^ jQj. ^j^ij coordinates Qi, . . . , Qn+i, G = C acts by Qi ^ \Qi, A e 
and g is spanned by the vector field Y^'i^i QiPi- Then X'o(^)(P") is the quotient of 
the algebra of operators Q^P^^ ^Ylii^i = J2il^ij K^l^i > 0, by the ideal generated 



3. Fourier transforms 

Let d > n > 2 and / C Let us say that two regular fans A, A' 

with the same underlying lattice N c^i and the same number d of rays (= one- 
dimensional cones) are related by an I -reflection if there is a numbering fci, . . . , fed, 
k'i,...,k[i of the generating vectors of A, A' such that 




—ki, if z e /, 
A; j, otherwise. 



Let X = X{A),X' = X{A') be the corresponding toric varieties. The groups 
An-i{X), An-i{X') of classes of Weil divisors are generated by the classes of the 
Tjv-invariant divisors D'^ associated with the rays R>oki, R>okl. Let us intro- 
duce an affine isomorphism (pj: An_i{X) An-i{X') defined on representatives 
by 

d 

(4) <Pi : J2 "i^i ^ E ""i^i - E(«' + 

i=l ifi iei 

Lemma 3.1. The map is well defined, i.e., independent of the choice of repre- 
sentatives. 

Proof. The group A„_i(X) is the quotient of Y^'l^i "^Di by the image of M, embed- 
ded via /i I— > J2f^i{l^,ki)Di and similarly for Changing representative 

thus means replacing by + {fi,ki). The image imdcr <pi changes then by 
Y^i^jilJ; ki)D[ - Y^i^jilJ-, ki)D[ = Y^iil^j K)P''i which belongs to the image of M in 
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Let Fi € Aut(2?(A'')) be the automorphism acting on generators as 

\Qi, otherwise, iPj, otherwise. 

These automorphisms were first considered in this setting by Musson and Rueda 
in [11]. The next Theorem is an extension of a result of these authors ([11, Lemma 
5.2]). 

Theorem 3.2. Suppose that A, A' are regular fans related by an I -reflection for 
some I C {l,...,d}. Let [D] e A„_i(X) be a Weil divisor and let D = '^atDi 

be a Tn -invariant representative. Then the Fourier transform Fj restricts to an 
isomorphism VlY)'^ — > VlY')'^ of the corresponding Musson algebras, which in 
turns descends to an algebra isomorphism 

T^O{D){X) 'Do(^j{D)){X'). 

of the algebras of differential operators. 

Proof. The first part of the proof is a matter of going through Musson's construction 
and is taken from [11, Lemma 5.2]. The involution a/: 7/ — > Z'', changing sign to 
the coordinates labeled by 7, maps K to the kernel K' of the map p' -.1/ ^ N and 
thus induces an automorphism o"/ of = (C^)'' mapping the subtorus G to G". 
This automorphism maps z to z' with z'^ = if z G / and z[ = Zi otherwise. The 
torus Td acts on generators Qi, Pi = d/dQi ofT>{A'^) via z-Qi = ZiQi, z-Pi = z~^Pi. 
From this and the formula for Fj follows that Fi{z ■ x) = cr/(z) • Fj{x). z G T^, 
X € 'D{A'^). Therefore Fj induces an isomorphism of the algebras of invariants. 

There remains to show that the kernel of the map 'D{Y)'^ — > 'D(p( £>) {X) is mapped 
to the kernel of the corresponding map for X' . By Musson's theorem this kernel 
is generated by the operators = J2i''^iQiF'i — X*("^)l) where m runs over 
K C Z'^ and if Z) = J2i O'l^i, then x*{^) — X^i ^^i™*- Since m & K \{ and only if 
m' = a I (m) G K' we have: 



i=l 



d 

aiTUi 



= '^miQiPi -"^miPiQi ^ 

i^I iel i=l 

d 

i=l i^I iel 

d 

= mlQiP^ - aim- + ^(o, + l)m;. 

i=l i^I iel 

Thus Fj maps the generators of the kernel to the generators £,m' of of the kernel 

oiV{Y')^' ^Vai^,^D)){X'). a 

Remark 3.3. More generally, this theorem has a version valid for singular toric 
varieties. In this case, however, not all Weil divisors are Cartier divisors and thus 
they do not all correspond to line bundles. It can then happen that (pj maps a 
Cartier divisor to a divisor which is not Cartier. Suppose first that only assumption 
(ii) holds, and that both D and (pi{D) are Cartier divisors. Then the statement 
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of Theorem 3.2 holds. If assumption (ii) is not satisfied, then there are factors 
of in y and the algebra 'D{Y) has generators Qi, ■ ■ ■ ,Qk, Qk+i^ ■ ■ ■ ' Qd^ ^^'^ 
Pi = d/dQi. The Fourier transform Fj is defined for / C {1, . . . , k}. Theorem 3.2 
holds for these subsets / and for Cartier divisors D, (t>i{D). 



4. The case of the projective space 

4.1. Varieties related by reflection to the projective space. The projective 
n-dimensional space P" = (A""*"^ \ {0})/C^ is a toric variety with generating 
vectors fci, . . . , fc„+i G A'' ~ Z" such that Yl!i=i h = 0- Varieties related to P" by 
an /-reflection have thus generating vectors generating N and obeying 

iel iifl 

The set Sj of regular fans with these generating vectors is a finite set with a partial 
order by inclusion. Here are some interesting examples. 

(a) Minim,al fans. For each J, Sj has a minimal element: the fan consisting 
of just the one- dimensional cones spanned by the vectors ki. The vari- 
ety corresponding to this minimal fan is contained as an open set, with 
complement of codimension at least 2, in all varieties ^(A), A G Sj. 

(b) Projective spaces. The projective space P" has a maximal fan in Si, with 
7 = or J = {1, . . . ,n + 1}. 

(c) Blow-ups. The blow-up at the origin of A" is obtained from a max;imal fan 
in Si, for / a set with r = 1 or r = n elements. 

(d) Matrices of rank one and of rank < 1. Let I = {1, . . . ,r}, 2 < r < n — 1. 
A variety with regular fan in Si is Zr = (C^ \ {0}) x (C"+i-'^ \ {0})/C^, 
where z £ acts by z ■ {x,y) = {zx,z~^y). It may be identified via 
{x, y) I— > x'^y with the variety of r by n -|- 1 — r matrices of rank 1, arising 
in the study of the orbit Omin of the highest weight vector in the adjoint 
representation of sl„+i, studied in [8]. The corresponding fan consists of 
the cones generated by {ki\i S J} for a subset J C {!,... ,n A- 1} whose 
complement contains at least an element in I and at least an element not 
in /. The closure = U {0} in the space of r by n + 1 — r matrices 
is a singular affine toric variety. Its fan (it is not in Si) is obtained from 
the fan of Z,. simply by adding the cone generated hy ki, . . . , kn+i- These 
varieties are the irreducible components of Omin H n+ , see [8] . 

(e) Resolution of singularities of the above. Let again I — {1, . . ■ ,r}, 2 < r < 
n — 1. Let Ci be the n-dimensional cone spanned by the basis (kj)j^i. 
Let A^, resp. Aj, be the fan consisting of the cones C, with i € I, resp. 
i ^ I, and their corresponding faces. One can check that both are regular 
maximal fans. Both are subdivisions of the fan of Zj. and thus, by the 
results of Section 2.6. of [5], the corresponding toric varieties Z+ and Z~ 
give resolutions of singularity Z^ — > Zr. 

For axiy X = X{A), A G Si, the group ~ Pic(X) of Weil divisors 

modulo linear equivalence is the quotient of the group ^ ZDi of T^v-invariant Weil 
divisor by the relations Di = Dj if either i,j G / or i,j ^ /, and Di = —Dj 
otherwise. Thus An-i{X) ~ Z generated by any D^. 
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Theorem 4.1. Let X — ^(A), A ^ Si be an n- dimensional toric variety whose 
fan is regular with n + 1 generating vectors obeying J2i£i = T^i^i ^ii for some 
subset /c{l,...,n + l} with \I\ elements. Let Dq be a divisor linearly equivalent 
to Di, i ^ I or equivalently to —Di, i ^ I. Then for all £ € Z, Fj induces an 
isomorphism 

l^oiiji^") — ' 1^o{{e+\i\)Do){X)- 

Proof. This is the special case of Theorem 3.2 in which one of the varieties is 
P". The hne bundle 0{i) is isomorphic to 0{£Di) for any i. Take i G / (if / 
is empty there is nothing to prove). The map 0/ of Theorem 3.2 sends IDi to 
—IDi — X^jg/ Dj, see (4) which is equivalent to —{£ + D 

If |/| = {!,..., n}, X is the blow-up A", the exceptional divisor E is Dn+i 
and we obtain Theorem 1.1. The formula in afiine coordinates for Fj is then the 

isomorphism F of the Introduction in this case. 

4.2. The module of global sections. Let X, A, / and Dq as in Theorem 4.1. The 
algebra Vq(^^jj^'^{X), A e 5/, acts on the space T{X, 0{mDo)) of global sections. 

Let £ = m — The homomorphism [/(sin+i) r'Q(££)jj)(P") composed with the 
isomorphism of Theorem 4.1 gives T{X, 0{mDo)) the structure of an sl„+i-module. 

Let TOj : X I— > xi + \- Xi, x = diag(a:;i, . . . , Xn+i) S f) be the fundamental weights 

of = n_ t) © n+ with respect to the standard Cartan decomposition. Let 

Si G End([)*), i = 1, . . . , n, denote the simple reflections in the Wcyl group. 

Theorem 4.2. Let I = {l,...,r} and X, Dq be as in Theorem 4-1- The s[„+i- 
module T{X,0{{£ + r)Do)) is an irreducible highest weight module with highest 
weight 

{Sr • • • S2Si{£zui + p) — p, if £ + r > and r < n, 
Sr-i ■ • ■ s2Si{£-cui + p) — p, if £ + r <0 and r > 1, 
0, if£ + r^O and r = n + 1. 

In the remaining cases (namely £ + r > 0,r = n + 1 and £ + r < 0,r = 0), 
T{X,0{£ + r)Do) = 0. 

Proof. We use the description (3) of the sheaf of sections of a line bundle with 
divisor £> = ^ajZ),. The exact sequence (2) is 

n 

O^K^ Z"+^ A ^Zfc, ^ 0, 

The kernel K of the map p : fc, is spanned by X^i^/ ~ X^iG/ "^^^ character 
X is (the restriction to Tk of) the character z z'^ = z^^ • ■ • z°^j^-l of (C^)""*"^. 
The sections on the open set f/o (tbe open orbit of T/v) are then spanned by the 
monomials Q^^°' where Qi are the coordinates on F C C""'""'^ and p runs over 
= {p ^ 1/^+^ I Ei^/Z^i = Eie//^i}- The sections Q^+" extend to global 
regular sections if and only if /itj + Oj > for all i. Let ct/ : — > Z"+^ be the 
involution which changes the sign of the coordinates labeled by /. Then we get the 
following (well-known) description of r(X, ©(^ ajl?^)): a basis is 

(5) {Q" I ^ - ^ f j = m, i/i > 0, i = 1, . . . , n + 1}, 
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where m = X^i^/ '^i^J2iei This basis consists of weight vectors. Let us compute 
their weight in the weight lattice P — Z"+^/Z- (1, . . . , 1): x = diag(a;i, . . . ,Xn+i) G 
f) acts as Fi{J2xiQiPi) = J2i0^iQiPi - Y^i^iXiPiQi, thus 

X ■ Q"" = \ Y,V,X^ ~ ^(l/i + l)Xi j Q\ 

Thus Q'^ has weight A = cr/(i^) — Yliei ^« modulo Z • (1, . . . , 1). Now suppose that 
the divisor D = (f>i{D'^) is obtained from a divisor D° = ^a^Di on P", so that 
a = cr/(a°) — Xiie/ ^ = so that m = i + r. Then the weights appearing 

in T{X, 0{D)) arc the classes in P of the integer vectors A such that 

n+l 

'^X^=i, Ai > if i ^ 7, Ai < -1 if i e /, 

i=l 

where £ — — m ~ The corresponding weight spaces are one-dimensional, 

spanned by Q'^ with v = (T/(A) — X^ie/ ^i- 

Let now / = {1, . . . ,r}. We need to identify the primitive weight vectors in 
r(X, C (£))), namely the monomials Q'^ annihilated by the action of n+. 

Lemma 4.3. The only primitive monomial in T{X, 0{D)) is 1 i/m = 0, Q^™ if 
m < 0, r > 1 and if m > 0,r < n. If m < and r = or if m > and 

r = n+l then T{X, 0{D)) = 0. 

Proof. The monomial Q'^ is primitive if and only if ej • Q'^ = for the Chevalley 
generators Cj, i = 1, . . . ,n, associated with simple roots. These generators act as 



ei = Fi{QiPi+i) = < 



-PiQi+i, i < r, 
PiPi+i, i = r, 
^QiPi+i, i>r, 

The only solutions of • = are powers of Qr and of Qr+i- The condition on 
the sum of exponents in (5) implies that the exponents are — m and m, respectively. 
The last assertion follows from the fact that there is no homogeneous polynomial 
of negative degree. □ 

l{m = £ + r>0 then the weight of Ql^i is 

r 

= + r)er+i) - ^ e, = + r)e^+i - ^ a. 
If m < then the weight of is 

Ar(^) = (Ti{-{£ + r)er) -Y^ei = {£ + r- l)e, - ^ a. 

iel i=l 

To identify these weights with the vector in the p-shifted Weyl orbit of iw^, recall 

that zui = ei, that is transposition of and Cj+i and that Sip — p = —on = 
€i+i — Ci- It follows that there is a nonzero module homomorphism M{Xr{£)) 
r{X,0{D)) from the Verma module with highest weight Xr{i). The image is ir- 
reducible by Lemma 4.3, since any proper submodule would contain a primitive 
monomial distinct from the highest weight vectors. It remains to show that this 
homomorphism is surjective. This follows from the next Lemma. 
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Lemma 4.4. The 'Doi^i:,){X) -module V{X,0{D)) (when ^ Q) is generated by the 
primitive monomial of Lemma 4-3. 

Proof. By Musson's theorem, 'Dq(^jj^{X) is spanned by the images of the monomial 
differential operators Q^P^^ such that t = X — fi obeys X^i^/ = X^ie/ If — 0, 
a general monomial Q" of the basis (5) can be obtained from the highest weight 
vector by the differential operator Q^P^-^/m). on the highest weight vector Q^j^i- 
If m < 0, take Q^P^/ml. □ 

This concludes the proof of Theorem 4.2. □ 

Remark 4.5. The symmetric group of s[„+i acts on U{sln+i) by automor- 

phisms (it is the Weyl group) and on P" and 0{£) by permutations of homogeneous 
coordinates. The map U{sln+i) 1^0(e){^") is .Sn+i-equivariant. The modules 
r{X, 0{{£ + r)Do)) corresponding to the other subsets I are related by the Weyl 
automorphism of U{sln+i) associated with any permutation sending / to {1, . . . , r} 
to the modules of the Theorem. They are thus highest weight modules for other 
Cartan decompositions. 

Remark 4.6. In the case of the variety of rank one matrices Z,., 2 < r < n — 1, 
only the trivial vector bundle extends to the closure Zr in the space of all matrices, 
considered in [8]. In this case we recover the result of [8] that T{Zr, O) ~ L{—uJr)- 

4.3. Higher cohomology groups. Finally, we want to discuss the sln+i-module 
structure of higher cohomology groups for X a regular toric variety of the kind 
considered in (c) and (e) in Subsection 4.1, related to P" by an /-reflection, with 
/ = {1, ■ ■ ■ ,r} and 2 < 2 < n: in particular, we consider X = Z+, for 2 < r < n — 1, 
or X = A", for r = n. Let as above Dq be a generator of the Picard group of X; for 
the subsequent computations, assume Do = Dn+i- Finally, let m = be an integer 
number. 

Theorem 4.7. For I, X, Dq and m as above, we have 

H*{X,0{mDo))^ H*{F^-\0{-m+\X\)). 

A£N"-'-+i 

Proof. We compute the cohomology of X with values in 0{mDo) by means of Cech 
cohomology. For this purpose, recall that X is a torus quotient and that it has 
an open covering by sets Ui = {Qi ^ 0}, i = 1, . . . ,r, and Qi denoting affine co- 
ordinates on A"+'^. Further, the Weil divisor mDo has a Carticr representative of 
the form fi,m{Q) = QTQn+i' * = l,...,r: the transition functions of the corre- 
sponding line bundle 0{mDo) have the form (Qi/Qj)'^ on Ui n Uj, I <i ^ j <r. 
Finally, the variety X admits local afflne coordinates over Ui, namely 

[{Ql, . . . , Qr, Qr+1, ■ ■ ■ , Qn+l)] '"^ (^^' ' ' ' ' *5iQr+l, • • • ) QiQn+1^ , 

where we omit the z-th entry. We denote by {zi, . . . , Zr-i,wi, . . . ,Wn-r+i) the 
corresponding local coordinates on A". 

W.r.t. the open covering {Ui}, a Cech p-cochain on X with values in 0{m.D()) is 
represented by a family cr(j(,^...^jp) of regular sections of 0{mDo) on the intersection 
Uig n • • • n f/jp. E.g. w.r.t. the affine coordinates over f/jo, the component (T(io,...,ip) 
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is represented by a regular function P(iQ^...^i^){z, w) on HiLil-^^i 7^ admitting an 
expansion of the form 

where P^^^ ^ -J arc now regular functions on nf^il-^i 7^ 0}- 

The cocycle- and coboundary-conditions can now be rewritten in terms of the 
previous expansion w.r.t. w, using the previous transition functions for 0{mDQ): 
denoting the degree of A G N""''^"'^ by |A|, since neither a change of coordinates on 
X nor a change of trivialization on 0{mDo) affects the degree |A| oiw, the cocycle- 
and coboundary conditions for Cech cohomology on X can be rewritten as cocycle- 
and coboundary conditions for P^^.^ ^ y viewed as sections on a Serre bundle 

0{—ra + |A|) over P''"^, for any multiindex A as above. Notice that the transition 
functions of 0{mDo) depend only on the homogeneous coordinates Qi, for i = 
1, . . . , r, and when Qi = 0,i = r + l,...,n + l, they correspond to the transition 
functions of the Serre bundle 0{—m). Finally, notice that the affine coordinates 
Wi are all multiplied by some coordinate Zj, when performing a corresponding 
coordinate change on P"""^, whence the shift by the degree |A| in the Serre bundles. 

Summarizing, any Ccch cocycle on X of degree p with values in ©(mDo) is 
equivalent to a family of Cech cocyclcs of the same degree on P**^! with values in 
certain Serre bundles related to 0{—m) by shifts of the parameter; the same holds 
true for Cech coboundaries, and these two facts yield the above isomorphism. □ 

In particular, since the cohomology of projective spaces P*"-! is concentrated in 
degree and r — 1, it follows also that the cohomology of X with values in ©(mfo) 
is concentrated in degree and r — 1. 

We can also describe explicitly the isomorphism of Theorem 4.7 using homoge- 
neous coordinates Qi on X, knowing the description of the cohomology of projective 
spaces. Namely, if A: > 0, the 0-th cohomology of P"""! with values in 0{k) is gen- 
erated by monomials Q^^ ■ ■ ■ Q^^ , > and X]i=i M« = while, if fc < — r, the 
r — 1-th cohomology with values in 0{k) is generated (modulo coboundaries) by 
monomials of the same kind, with fii < and J2l=i Mi = ^ (i^i other cases, the 
cohomologies are trivial). 

Then, the isomorphism of Theorem 4.7 can be written as 

H*{¥'-\ 0{-m + |A|)) 9 Qf ■ • • Q^*- ^ 

^ Qr • ■ • Q'f'-Qt+i ■ ■ ■ QnTi e H*{X, 0{mDo)), 

for any A G particular, a basis of the cohomology of X with values 

in 0{{l + r)Do) is given i) (in degree 0) by monomials Q"^ , with J2l=i Vi + m = 
Y^^=r+i ^'^d i'i>0,i=l,...,n+l, (see also Subsection 4.2.) and ii) (in degree 
r — 1) by monomials , with i'i + m = Y^=r+i ^"^^ I'i < 0, for i = 1, . . . , r, 
and > 0, for « = r + 1, . . . , n + 1. It follows immediately that the 0-th cohomology 
of X with values in OimDo) is always infinite-dimensional and non-trivial, while 
the r — 1-th cohomology is always finite-dimensional and is non- trivial exactly when 
m > r. 

The slri+i-module structure on the 0-th cohomology was discussed in Subsection 
4.2.: we now consider the cohomology of degree r — 1. We set now m = ^-|-r for an 
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integer £; then, by Theorem 4.7 and the discussion thereafter, we need only discuss 
the case I > 0. 

Theorem 4.8. ForX, I, Dq as in Theorem 4-7, and£ > 0, there is an isomorphism 
H'^-^X, 0{{i + r)Do)) ^ L{ezui) 

of s -modules. 

Proof. Wc first compute the possible primitive vectors in H'^^^{X, 0{{£ + r)Z?o)); 
for this purpose, recall the expressions for the Chevalley generators in Lemma 4.3. 
A monomial Q'^ representing a non- trivial class in H^~^{X, 0{{£ + r)Do)) is anni- 
hilated by Gi, i = 1, . . . , n, if and only if //, = 0, for z = r + 1, . . . , n + 1, by direct 
computations, using the generators Cj, i = r, . . . ,n + 1. Thus, has the form 
Qi^ ■ ■ ■ Qr'', with Vi < 0, and X]i=i i^i = — ^ — Using the remaining generators Cj, 
we see that CiQf vanishes in cohomology if and only if Vi = —1, i = 2, . . . , r: then, 
the remaining exponent is automatically = —£ — 1. Thus, for any £ > 0, the only 
primitive vector in H^~^{X, 0{{£ + r)Do)) is the monomial Qi^~^Q2^ ■ ■ ■ Qr^- 

The primitive vector Qi^~^Q2^ ■ ■ ■ Qr^ is also a weight vector: its weight is 
readily computed, since 

X ■ {Ql'-'Q2' ■ ■ ■ Qr^) = fMQ^'-^Q^^ ■ ■ ■ Q-1), 

for any x = diag(xi, . . . ,a;„+i) £ sln+i, which acts in this situation as the differ- 
ential operator - J2i=i XiQiPi + I]"=r+i ^iQiPi ~Yli=i^i (see also the proof of 
Theorem 4.2). Therefore, H'^~^{X, 0{{£ + r)Do)) has a unique primitive vector of 
weight £'nji. 

Moreover, the module H^~^{X, 0{{£+r)DQ)) is generated by the primitive mono- 
mial Qi ^Q2^ • ■ ■ Qr^- Namely, a general differential operator on 2?e)((£_f,r)_Do) (^) 
is of the form Q^P^^ , with A, /i positive multiindices. such that t = \ — fi satisfies 
J2i=i'''i — J27=r+i'''i- the other hand, Q'^ is a generator of H'^^^{X,0{{£ + 
r)Do)) if Vi < 0, i = 1, . . . ,r, Ui > 0, i = r + 1, . . . ,n + 1, and i'i+£ + r = 
J^i^r+i ^i- -^o'" such a weight v, the differential operator 

belongs, by a direct computation, to I>c>((f_|_r)Do)(X), and it is easy to verify that 

All these computations show, by the very definition of Verma modules, that there is 
a surjective, non-trivial module homomorphism M{lvji) H'^~^{X, 0{{i+r)DQ)), 
whose image is irreducible (since there is only one primitive vector up to multipli- 
cation by C^): this yields the above isomorphism. □ 

Notice that the highest weight Iwi is dominant, which re-proves the fact that 
H'^~^{X, 0{{i + r)Do)), when non-trivial, is always finite-dimensional. 

Remark 4.9. Theorem 4.8 refers only to X = Z+ or X = A", with 2 < r < n: the 

reason is that i) the resolution of singularities Z~ , corresponding to2<r<n — 1, 
are related to by an isomorphism of the corresponding fans, which lifts to the 

Chevalley involution of sln+i on the corresponding (twisted) rings of differential 
operators, and ii), if r = 1, X = A", and the two blow-ups r = 1 and r = n are 
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related to each other by an automorphism of the corresponding fan, which also lifts 
to the Chevalley involution at the level of differential operators. Hence, by means of 
the Chevalley involution, we can deduce the s[„+i -module structure of the twisted 
cohomologies of 2 < r < n—1, and of A", for r = 1, from Theorem 4.7 and 4.8. 
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